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Abstract—For a system of first-order partial differential equations describing a catalytic process
in a fluidized bed, we consider a mixed problem in the half-strip 0 <z < h, t > 0. We prove the
existence and uniqueness of a bounded summable generalized solution and study its stability.
We prove the stabilization as t — oo of the values of some physically meaningful functionals of the
solution.
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INTRODUCTION

The mathematical models accounting for the influence of the reaction medium on the nonstationary
states of the active surface of catalyst are widely used to describe catalytic processes in fluidized beds
[1,2]. In this article, we consider a circulation model of a process in which we can express the motion
of the catalyst particles as two interpenetrating flows: the ascending flow the fraction of whose particles
is equal to @, 0 < a < 1; and the descending flow whose iraction is b = 1 — a. For a two-stage catalytic
reaction of the first order with respect to the intermediate substance, a mathematical model of the process
reduces [3] to a mixed problem on the half-strip IT = {(z,t) : « € [0,h], t > 0}:

ez = —pf(e)(1 — au — bv), c(0,t) = co, (1)
auy + ug = q(v —u) —a(l + f(c))u+af(c), (2)
by — v = q(u —v) = b(1 + f(c))v +bf(c), (3)

with the initial and boundary conditions
u(&,t) =v(&,t), £E=0,h, t>0,
u(z,0) = u’(z), v(zx,0) = °(z), x € [0, h],
>0, 0<u(z)<1, 0<O) <1,
where a,b,p > 0, ¢ > 0, and ¢y are constant parameters; ¢ is time; x is the coordinate along the bed
height; ¢(x,t), u(x,t), and v(x,t) are the concentrations of the substance in the gas phase and in the

ascending and descending flows of catalyst particles; and f(c) is a function describing the chemical
reaction rate.

In accordance with the current understanding of catalytic processes, we assume that f(c) =0
for ¢ <0 and f(c) > 0 for ¢ > 0. Only the solutions satisfying 0 < ¢(x,t) < cp, 0 < u(z,t) <1, and
0 < wv(zx,t) <1 are physically meaningful.

A similar mathematical model was used [2] for numerical simulations of catalytic processes. Thus, it
is of practical interest to study the qualitative properties of this boundary value problem: the existence
of stationary and nonstationary solutions, their stability or instability, and the stabilization of some
physically meaningful functionals of the solution.
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52 GAEVOI

This article naturally continues [3—6]. In [3], we proved the existence and uniqueness of a stationary
solution to (1)—(3). In [4—6], under various assumptions regarding the functions f(c), u%(z), and v°(z),
we proved the existence and uniqueness for all ¢ > 0 of continuously differentiable and continuous gen-
eralized solutions to (1)—(3). In[3, 5, 6], for the solution under consideration, we proved the stabilization
as t — oo of the values of two functionals,

h
W(t) = ®(u,v) = /(au(az,t) + bu(x,t)) dz
0

and c(h,t), of the solution with concrete physical meanings to their values on the stationary solution.
In [6], we studied the stability of a continuous generalized solution.

In applications the initial conditions ug(z) and vo(z) of (1)—(3) can be discontinuous. Thus, the
existence, uniqueness, and stability of discontinuous generalized solutions are urgent questions. In this
article, we prove the existence and uniqueness of a bounded summable generalized solution to (1)—(3),
study its stability, and prove the stabilization of the functionals ¢(h, t) and ®(u,v) as t — co.

Henceforth, let M(Q) denote both scalar and vector spaces of functions defined and bounded on
a domain @. Consider the following norms in M (Q):

lwllo =llwlag) =suplel,llwlle = i@ = maxsupjuwil, (4)

where w = (wq,...,w,). Let C(Q) and H*(Q) denote the spaces of continuous and Hélder continuous
functions with the exponent a < 1. For vectors U = (u,v), we understand under the inequality U > m
(or U < M), where m and M are scalars, the simultaneous fulfillment of u > m and v > m (oru < M
andv < M). Let K, K1, Ko, ... denote some constants depending only on the initial data of (1)—(3) but
independent of ¢.

I. THE LINEAR PROBLEM
In the half-strip I1, consider the mixed problem for the linear hyperbolic system
auy +uy = q(v —u) —a(l + g1(z,t))u + afi(z,t), (5)
buy — vy = q(u —v) = b(1 + g2(x,1))v + bf2(x, 1) (6)
with the initial and boundary conditions
u(&,t) =v(&,t), £E=0,h, t>0,

u(z,0) = u’(z), v(zx,0) = °(z), x € [0, h],

where g;(z,t) > 0 and f;(z,t) fori = 1,2 are some given bounded functions on II.

In the space M (Q) of functions defined on a bounded domain @, choose the set M°(Q) of all functions
u(z,t) summable in @ and integrable over every straight line segment within @. In the case of vector
functions U(z,t) = (u(z,t),v(z,t)), where u(x,t) € M°(Q) and v(z,t) € M°(Q), let M°(Q) denote
also the space equipped with the norm (4). Using a well-known theorem of [7, p. 85], we can show
that M°(Q) are closed in M(Q) and, consequently, are Banach spaces. Say that U(xz,t) € M°(II)
if U(z,t) € MOMT) for every T > 0, where II” = {(2,t) : = €[0,h],0 <t <T}. Let M(II) be the
set of vector functions U (z,t) € M°(IT) such that u(x,t) and v(x, t) are uniformly Lipschitz continuous
on IT along the characteristics of (5) and (6) respectively.

Lemma 1. Take a bounded function u(x,t) on 1l that is continuous along the straight lines
a1x + by = £ and linearly summable along the bounded segments of the lines asx + by =n
within 11, where a; and b; are constants satisfying a1by # asby, while & and n are some arbitrary
parameters. Then

(a) u(z,t) € MO(IT);
(b)wtheintegrabofwu(zytyalong every line segment in 11 is a continuous function on I1;
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(¢) if u(x,t) is uniformly Lipschitz continuous on 11 along the lines of the first family then this
integral is uniformly Lipschitz continuous on I1.

Proof. Assume that u(z,t) is summable over z for every t > 0 and is continuous along the lines
t = ax + &, where a # 0. For definiteness, assume that a > 0. Choosing arbitrary 7' > 0 and integer
n>1,puttk = kT/nfork =0,1,2,...,nand, in II”, define the function

k k
Wi t) = {Zﬁgi 215 — %) /a, 1), \ i Ei _ ikijz
th <t < bt k=0,1,...,n—1.
It is not difficult to verify that u"(z,t) € MO(IIT) for every finite n; moreover,
sup |u" (z,t)| < sup|u(zx,t)], sup lu(z,t) — u"(z,t)] = 0 as n — oo.

Then the completeness of M°(T1T) implies u(z,t) € M°(IIT). Put

T

I(z,t) = /u(f,t)d{, (x,t) e II. (7)

0
For arbitrary ¢ > 0 and 0 < § < ah, express the difference

I(xz,t+60) — I(z,1)

d/a T z—d/a
— / w(é,t + 8)de - / w(é,1)dé + / (€ + 8/art +6) —u(, 0. (8)
0 z—8/a 0

Since u(x,t) is bounded, (7) yields the uniform Lipschitz continuity of I(x,t) on II with respect to x.
Since u(x, t) are continuous and bounded along the lines parallel to the line t = axz; therefore, the right-
hand side of (8) vanishes as 6 — 0; consequently, I(z,t) is continuous on II. If u(x,t) is uniformly
Lipschitz continuous on IT along these lines with some Lipschitz constant L then (8) yields

(2t +06) — I(z,8)] < <2Hu(az, ) + hLv/1+ a2) §/a.

Since I(x,t) is uniformly Lipschitz continuous on IT with respect to z, this estimate implies that I(x,t)
is uniformly Lipschitz continuous on II.

In the general case, the proof goes similarly. The only difference is that to obtain the required estimates
we use two equalities similar to (8) with separate increments of ¢t and x.

Let ¢1(x,t) <t and ta(x,t) <t denote the values of the time variable for which the characteristics
of (5) and (6) passing through (z,t) € Il intersect the boundary of IT:

b (2,t) = 0, t < ax, (2, 1) = 0, t <b(h—x),
t—ax, t>azx, t—bh—x), t>blh—ouz).

Integrating (5) and (6) along the characteristics, we obtain the system of integral equations

u(z,t) = u'(z,t) + /Fl [u,v](x — (t — 7)/a,T)dr, (9)
v(x,t) = vl(z,t) + /Fg[u,v](a: + (t —7)/b,T)dr, (10)

to
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where

(xr —t/a), t1 =0, ol t) = vO(x +t/b), ta =0,
0 tl t1 >0, u(h,tg), to > 0,
[ q ) ( )) _(1+gl(x’t))u(x’t)+f1(x’t)’ a1 ZQ/aa
Fylu, ]( ) q2(u ( t) = vz, 1) = (1 + g2, D))o(t, ) + folz,1), @2 =4q/b.
Definition 1. Refer to U(z,t) € MO(II) satisfying (9) and (10) in II as a bounded summable
generalized solution to (5), (6).

Theorem 1. Take g;(x,t) € M°(T) and f;(z,t) € M°(I1) with g;(z,t) >0 for i = 1,2, and let
U%(z) € M°[0, ). Then the system (9), (10) is uniquely solvable in M*(I1), and its solution U(z, )
satisfies

min{mg, m1,mo} < U(x,t) < max{My, M1, Ms} (11)
for all (z,t) € 11, where
mo = min{ inf «°(z), inf %)}, My = max{ sup u°(z), sup °(2)},
0 {,dnf w'(x), inf vi(z)} 0 {nglgh (x) 2L, (z)}

m; = f(fi(z, )/ + gi(2, 1), M; = Slrllp(fi(xat)/(l +gi(z,t), =12

Proof. We prove the existence of a solution by successive approximations. As the initial approxi-
mation, take an arbitrary function U'(x,t) € M°(I). Find the successive approximations U"(z,t),
n=2,3,...,bysolving

t

u"(x, Tz, t) +/F1 W& = (t = 7)/a,7)dr, (12)
o, t) = y(x,t)+/F2[u"—1,v (& + (t - 7)/b,7)dr, (13)
to
where
W (1) = {u:(a: —t/a), t<a, o (1) = {vi(x +t/b), t <blh—x),
v"(0,t —az,), t>au, u"(h,t —b(h —x)), t>blh—x).

Verify that the so-obtained system is solvable in M°(IT) and
10" (@, )lln < K = max {||U*(z,t)||, [|U°(x) 1 f1(, )l [l f2(2, )]}

for all n. Assuming that U"~Y(z,t) € MY(IT) and | U™ !(x,t)||n < K, show that

U'(z,t) € MOIL),  [|U™(z,t)|n < K.
The proof goes successively for the domains
Qio=1{(z,t): 0<x <h, 0<t<az},
Q20={(z,t): 0<2<h, 0<t<h-—br},

and, fori =1,2,...,
Qri={(z,t): 0<z<h, (i—1)h+ax <t<ih+azx},
9 ): 0<x<h,ih—br <t<(i+1)h—bx}.
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In Q1,0. the solution to (12) is of the form
u"(z,t) = u®(z — t/a)Gy (z,t,0) + /tGl(a:,t, M — (t—7)/a,7)dr, (14)
where 0
[, t) = fi(z, ) + @™, t),
G (a,t,7) = exp (— /t(1 +q+g(z—(t—s)/a, s))ds).

It follows from (14) that u™(z,t) € M%(Q1,0) and u™(z,t) satisfies [|[u"(z,t)||o,, < K. We can
express the solution to (13) in Q20 as

t

v"(2,t) = vy (2, t2)Ga(, 1, t2) + /Gz(w, t,7)f5 (& + (t —7)/b,T)dr, (15)

12}
where
f3 (@, 1) = falz,t) + gu" (2, 1),
vo (x,t2) = vo(x) for to(z,t) =0, v (x,ta) = u"(h,ty) for to(x,t) >0,
¢
Go(x,t,7) = exp ( - /(1 + g2+ go2(x + (t —s)/b, s))ds) ,

which implies v (2, t) € M°(Q2,0) and [[v™(z,t)||@,, < K. Using similar constructions for the remain-
ing domains Q1 and Qa4,i = 1,2,...,we find U"(z,t) € M°(I1) and |[U"™(z,t)||n < K.

Put AU (z,t) = U(x,t) — U™ (z,t) forn = 2,3,.... Using (12) and (13), find the equations for
Au"(x,t) and Av™(z,t) forn =2,3,...:

t
Au"(x,t) = Auf(z,t) + /AFln(w —(t —7)/a,T)dr, (16)
t1
t
A (2,1) = Az, ) + / AFP(z + (t— 7) /b, 7)dr, (17)
to
where
Ay t) = 1 h@ =0 A =10 ta(,1) =0,
Av”(O,tl), tl(:]?,t) > 0, Au”(h,tg), tz(x,t) > 0,
AF] (z,t) = —(1+ ¢1 + g1(z, ) Au"(x,t) + g1 A" 1(x t), @ = q/a,

0

o0 = pl”Avn_l(x’t)”Ql,o < p”AUn_l(xat)”H’
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where p; = ¢;/(1 4 ¢;) fori = 1,2, and p = max{p1, p2} < 1. The solution to (17) in Q2 o satisfies

t
A,Un(x>t) = AUS(ZE,tQ)GQ(I',t,tQ) + / GZ(xath)Q2Aun_l(aj + (t - T)/va)dT;
to

hence, the previous estimate yields [|Av™(z,t)||g,, < pl| AU (2, t)||11.
Making similar estimates in Q1 ; and Q2; fori = 1,2,..., we obtain

IAU" (2, ) < AU (@, ), p< 1. (18)

Since MY(TI) is complete, this implies the existence of the same limit function U (x,t) for all Ut (z,t) €
MO(T1) satisfying ||[U™(x,t) — U(z,t)|lm — 0 as n — oco. Passing to the limit in (12) and (13), we see
that U(z,t) is a solution to (9), (10).

In order to verify (11), choose as U (z,t) a function satisfying (11). Suppose that U™~ ! satisfies (11).
Using (14), establish that «"(z,t) satisfies (11) in Q1. Therefore, we can find from (13) a similar
estimate for v"(z,t) in Q2,0. Using similar estimates successively in @1 ; and Q2; fori =1,2,..., we
verify that U™ (x, t) satisfies (11), but then the limit function U (x, t) satisfies this estimate as well. This
implies the uniqueness of a solution to (9), (10), while (9), (10), and (11) imply U(z,t) € M*(II). The
proof of Theorem 1 is complete.

Corollary 1. On assuming the hypotheses of Theorem 1, suppose that f;(x,t) > 0 and (x,t) € 11
fori=1,2, while U°(x) > 0and x € [0, h)]. Then, for all (z,t) € 11, the solution to the problem (9),
(10) satisfies U(x,t) > 0.

2. THE NONLINEAR PROBLEM

Consider the problem (1)—(3) in the half-strip IT. Let M} (II) denote the space of vector functions
V(z,t) = (c(z,t),u(z,t),v(x,t)), where c(x,t) € C(I), u(x,t) € MO(IT), and v(z,t) € M°(II). We
can show that MY(IT) is closed in M (IT) and is a Banach space. Let M{(II) denote the set of vector
functions V(z,t) € M{(II) such that c¢(x,t) € H(II), while u(x,t) and v(z,t) are uniformly Lipschitz
continuous on IT along the characteristics of (2) and (3) respectively. Let S° denote the set of vector
functions U%(z) = (u®(x),v°(x)) € MP[0, h] satisfying 0 < U%(z) < 1. The set S¥ is closed in M]0, h].

Integrating (1)—(3) over the characteristics, we obtain

clait) = o= [ FlVI(E D1 (19)
0
u(z,t) = ul(a:,t) + clt /F1 V|(z— (t —7)/a,7)dr, (20)
v(z,t) = vl(x,t) + Z /FQ[V](:E + (t —7)/b,7)dT, (21)
where
o t) = u(z —t/a), t1 =0, oo t) = o0 (x 4 t/b), te =0,
’ v(0,t —azx), t; >0, ’ u(h,t —b(h — ), ty >0,

Bo[V](z,t) = pf(e(z, 1)) (1 — au(z, t) — bo(z,1)),
—u(z, 1)) — a(l + f(e(z,1)))u(z,t) + af (c(z, 1)),
LV (@st)=glula, t) — v(x, 1)) = b(1 + f(c(z,1))v(t, x) + bf (c(z, ).
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[t is not difficult to verify that (1)—(3) and (19)—(21) are equivalent in the class of smooth solutions.
Definition 2. Refer to V(z,t) € MY(II) satisfying (19)—(21) in IT as a bounded summable gener-
alized solution to (1)—(3).
Theorem 2. Suppose that cg > 0, f(c) € C[0,cq] for co > 0, and U°(x) € S°. Then there exists
a solution V(z,t) € Mi(II) to (19)—(21) and, for all (z,t) € 11,
0 < ez, t) < co, 0 <wu(zx,t) <1, 0 <w(x,t) <1 (22)
Moreover, if f(c) is Lipschitz continuous then the solution is unique.

Proof. 1f ¢y = 0 then (19) implies ¢(z,t) = 0, and the problem (19)—(21) reduces to (20)—(21) with
f(e) = 0. In this case, the existence and uniqueness of a solution to (19)—(21), as well as the validity
of (22), follow from Theorem 1.

Suppose that ¢y > 0. Choosing an arbitrary value of T € (0, 00), consider (19)—(21) in the rectangle

07 = {(z,t): 0<2<h,0<t< T}
In this case, we can prove the existence of a solution using the Schauder fixed point theorem. To this
end, define the operator L on the bounded closed convex set S = {z(z,t) € C(II"),0 < z(z,t) < &}
as follows: for arbitrary z(x,t) € S, find the functions u(z,t) and v(z, t) as the solution to (20), (21) for
f(e) = f(2). Theorem I implies that, for every z(z,t) € S, this solution exists, belongs to M (IT1), and
satisfies 0 < U(x,t) < 1. Using u(z,t) and v(z, t), define ¢(z,t) = Lz(x,t) as the solution to
co

— ds — b (x —_ i/f(ﬂf,t), ¢(x>t) <K,
J(C(xﬂt)acO) = ) f(S) - 1/} ( 7t) = {K, ’(/J(l‘,t) > K, (23)

where (z,t) = p(z — w(z,t)), w(z,t) = foz(au(ﬁ, t) + bv(&, t))dE, and K = J(0, cp).

For all (z,t) € I, (23) is uniquely solvable [3] for ¢(z,t). If ¢ (z,t) < K then 0 < ¢(z,t) < cg, and
if ¥(x,t) > K then c(z,t) = 0. Taking into account (23) for two distinct values of (z,¢) € TIT and
(w1,t1) € T, we find

c(z,t

J(C(xat)>c(xl>t1)) :1/1*(513715) —¢*($1>t1) (23,)
that implies
le(z,t) — c(z1,t1)| < max f(c)[¢* (z1,t1) — ¢™(z,1)].
Theorem 1 and Lemma 1 imply w(z,t) € HY(IIT), but then v (x,t) € HY(IT) and ¢*(z,t) € H*(TI7).
Consequently, c(z,t) € HY(IIT), and the operator L compactly maps the bounded closed convex set S
into its part.
Verify the continuity of L. Take arbitrary functions z; and z, in S, the solutions uy, v1 and us, vo to
(20), (21)with f(c) = f(#1) and f(c) = f(22), and put ¢; = Lz; fori = 1,2. Put the pair AU = U; — Us
and Ac = ¢1 — co. Then Au(z, t), Av(z,t) is a solution to

Au(z,t) = Aut(z,t) + / AF(z — (t —1)/a,T)dT,

t
Ao(a,t) = Ao (a, 1) + / AFy(z + (t —7)/b,7)dr,
to
where
0, ti(x,t) =0,

Aul(z,t) = { Avl(z,t) = {0’ (z,¢) =
AU(O>t1)> tl(xat) > 07 Au(h7t2)> t2(x>t) > 07
(
(

AF(z,t) = =(14+ q1 + f(z1))Au(t, z) + i Av(z, t) + (f (=1
A}7’2(177 t) = _(1 + g2 + f(zl))AU(t7 i‘) + Q2Au($v t) + (f(zl
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By Theorem 1, the solution to (24) satisfies

AU (z,t)[[nr < [[f(21) — f(22) [l (25)
Using (23'), we obtain
1 (er(a, 1), 05 (1)) / alAu(E, 1)) + b|Av(E, £)])dE, (26)
0
whence
[Ac(z,t)|lnr < phmax f(c)|[|AU(z, )|/ (27)

The continuity of f(c) together with (25) and (27) imply the continuity of L.

Therefore, all requirements of the Schauder theorem are fulfilled. Consequently, there exists a function
z* € S with 2* = Lz*. However, then, by the definition of L, the function ¢(z,t) = z*(z,t) and the
corresponding u(z,t) and v(z,t) satisfy (20), (21) and (23) in II7, while c(z,t) € HY(IIT), U(x,t) €
MYIT), and (22) holds for all (x,t) € II". Since T > 0 is arbitrary and (22) is independent of T,
it follows that the problem (20), (21), (23) is solvable for all ¢ > 0.

Verify that the problems (19)—(21) and (20), (21), (23) are equivalent in the class of solutions under
consideration. Take a solution V' (x, t) to (20), (21), (23) and show that V'(z, t) is a solution to (19)—(21).
[t suffices to show that the function ¢(z,t) appearing in the solution to (20), (21), (23) satisfies (19).
Consider (23) for an arbitrarily chosen value of ¢ > 0. The function ¢ (z, t) in the right-hand side of (23)
is continuous and nondecreasing with respect to x, while ¥(0,¢) = 0. Thus, if ¥/(h,t) > K then there
is a point z*(¢) € [0, h] with ¢ (z,t) < K for x < z*(t) and ¢(z,t) > K for & > z*(t). lf ¢ (h,t) < K
then put 2*(t) = h. It follows from (23) that ¢(x,t) > 0 and f(c(z,t)) > Oforall x < z*(¢). For arbitrary

values x < x*(t), divide the segment [0, z] into n parts with the points x; =ix/n, i =0,1,2,...,n
Since ¢(x,t) and f(c) are continuous and the integrals J(c(x;,t), c(xi—1,t)) are bounded on every
segment [x;_1,x;],i =1,2,...,n, thereis & € [x;—1,x;] such that

Ci—-1 — G
J(ci_1,¢) = :p/sﬁ,tdﬁ,
D= o) &
Ti—1
where f(c(&;,t)) > 0, s(z,t) =1 — au(z,t) — bu(x,t), and ¢; = c(x;,t) fori =1,2,...,n
Multiplying the resulting equalities by f(c(&;,t)) and summing them over i from 1 to n, we obtain

co — c(z,t) = /f (€,1))s(&,t)de,

where ¢"(x, t) is a piecewise constant function with respect to x, and ¢" (z, t) = ¢(&;, t) forz € [xi_1, x;),
i=1,2,....n
Passing in the previous equality to the limit as n — oo and considering that

sup |f(c(a, 1) = F((z, )| =0 as n— oo,

we arrive at (19). [ 2*(t) < hthen ¢(z,t) = 0 and f(c(x,t)) = 0forx € [x*(¢), h]; consequently, (19) is
valid for all x € [0, h] and ¢t > 0, and ¢(x, t) satisfies (19).

We can prove similarly that every solution to (19)—(21) belonging to M?Y(II) is a solution to (20),
(21), (23). Therefore, in this class, the solutions to (19)—(21) and to (20), (21), (13) are equivalent.
Consequently, the problem (19)—(21) is solvable for all ¢ > 0, and its solution satisfies (22).

Verify the uniqueness of a solution to (19)—(21). Take two distinct solutions Vi (z, t) and Va(z, t) and
put AV (z,t) = Vi(z,t) — Va(x,t). Then AU (z,t) is a solution to a system similar to (24) with

AF(z,t) = =1+ q + f(c1))Au(t, z) + g1Av(z,t) + (f(c1) — f(e2))(1 —ug),

28
Abp(st)==(bagad f(c1))Av(t, ) + gaAu(z,t) + (f(er) — f(e2)) (1 — v2). =)
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Estimating the integrals in the right-hand sides of (24) and (28) for ¢ € [0, 7], 7 > 0, and taking the

Lipschitz continuity of f(c) into account, we obtain
[AUl[n- < 7KL ([[AU o + [[Ac]|nr), (29)
where II" = {(z,t) : 0 <2z < h,0<t <7}
For ¢1(x,t) and ca(z, t), we have (27). Inserting it in (29), we arrive at
[AU|ln- < THR[|AU

where the constants K; and K are independent of ¢ and 7. For 7 < 1/ K>, the last inequality is valid
only for [|AU |- = 0, which implies the uniqueness of a solution to (19)—(21).

|H7'7

3. STABILIZATION OF THE VALUES OF FUNCTIONALS OF THE SOLUTION

Theorem 3. Take ¢y > 0, f(c) € C[0,co] for ¢o > 0, and the solution V(z,t) to (19)—(21) with
the initial data U°(x) € S°. Then the values of c(h,t) and ®(u,v) as t — oo monotonely tend to
c*(h) and ®(u*,v*) on the stationary solution, and, for all t > 0, we have

|P(u,v) — P(u*,v")] < \(I)(uo,vo) — @ (u*,v*)| exp(—t),
le(t, h) — c*(h)| < pF|®(u’,v°) — ®(u*, v*)|exp(—t).

Proof. Using (20),fort > 0 and 0 < § < ah, express the difference
t+6
a(u(z,t +90) —u(x,t)) = au(z,t) + / F[V](x - (t —7)/a,T)dT, (30)
T1
where
u(z,t) = u(0, 1), mn=t+d6—ax for 0<z<d/a,
a(x,t) =0, =t for d/a<x<h-d/a,
T2
i, t) = —u(h, m) + / Fy[u,v)(z + (7 — t)/a, 7)dr,
t

T =t, 1o =t+a(h—x) for h—4d/a <z <h.

Integrating (30) over x from 0 to h, upon changing the variable and switching the order of integration
in the double integrals (which is allowed since F[u,v](z,t) € M°(II)), we arrive at

h t+d t+6 h
a/(u(z,t +9) —u(z,t))dr = /(u(O,T) —u(h,7))dr + / /F1 [V](z, 7)dzdr. (31)
0 t t 0

Similarly using (21), we have
h t+6 t+5 h
b | (v(z,t+0) —v(x,t))de = [ (v(h,7) —v(0,7))dT + E[V(x,7)dxdr. (32)
0/ t/ t/ 0/

Integrating (19) for x = h over ¢t from t to t+ 6 and adding up the left- and right-hand sides of
the resulting equalities, (31), and (32), we obtain the integral conservation law for the intermediate
substance in the bed:

t+0 t+0
W(t+0) — W(t) = — / W(r)dr —p- / (c(h, ™) — co)dr, (33)
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where W (t) = foh(au(a:, t) + bu(z,t))dx is the total content of the intermediate substance in the bed.

Since W (t) and ¢(h, t) are continuous; therefore, dividing (33) by ¢ and passing to the limitas § — 0,
we arrive at the Cauchy problem

Wilt) = ~W(t) - p~e(ht) + p~lco,  W(0) = D, 00). (34)
For ¢y = 0, we have: ¢(h,t) = 0, the stationary solution to (19)—(21) is V*(z) = 0, and ®(u*,v*) = 0.
In this case, (34) yields ®(u,v) = W(t) = ®&(u®,v°) exp(—t).

Suppose that ¢y > 0. Generally speaking, the hypotheses of Theorem 3 fail to imply the uniqueness
of a solution to (19)—(21), and so, the uniqueness of W (t) either. Using (23), we can show [3] that ¢(h, t)
is a monotonely increasing continuously differentiable function of W (¢):

dv(W)
| = PIE)). (35)

Consequently, W (t) is uniquely determined for all ¢ > 0 as the solution to the Cauchy problem (34).

For the stationary solution V*(z) = (¢*(z),u*(x),v*(z)) to (1)=(3), and thus, to (19)—(21), the
values ¢*(h) and W* = ®(u*, v*) are uniquely determined [3] and satisfy the stationary equation

p t(co —c*(h)) = W* = ®(u*,v*), c*(h) =¥ (W™). (36)

c(h,t) = V(W (1)),

Using (34) and (36), we arrive at the Cauchy problem
AW (t) = =AW () —p 'AT,  AW(0) = W(0) — W*,
where AW (t) = W (t) — W* and AV = ¢(h,t) — c*(h) = V(W (t)) — Y(W*).

[t follows from (35) that AW > 0 for AW (¢) > 0, and A¥ < 0 for AW (¢t) < 0. The rest of the proof
of Theorem 3 coincides with the proof of Theorem 2 of [3].

4. STABILITY OF THE GENERALIZED SOLUTION
Let Hé/Q[O, h] and H}[0, h] denote the spaces of vector functions V(z) = (¢(z), u(z),v(z)) with the
norms

V@) 22,y = max L@ rzgons 1U@)2o0m )

“V(af)HH(}[o7h} = mnax {Hd@”HWOﬁp ”U(l’)HM[o,h}},

where
h 1/2
1T (@) Lo 0,n) = </(au2($) + bUQ(a:))d:r> .
0

Given f(c) € H'[0,cg], define F = max f(c) and p = min f(c) over the segment ¢ € [cp,, cp], where
cn = coexp(—pF1h), and F! is the Lipschitz constant of f(c).

Theorem 4. Take ¢y > 0, and let f(c) € H[0,co] with phFF! <2 for c¢g > 0. Then every pair
Vi(x,t) € MY(IT), i = 1,2, of generalized solutions to (1)—(3) with initial data UP(z) € S° satisfy
IVi(z,t) = Valz, )l a1 < Kie U (@) = U (@) L (0.1 (37)

IVi(z,t) = Va(a, )l o, < Kae UL (x) — U3 ()| argo.n (38)

for all t >0, where v=1 for ¢co =0 and v = p for ¢y >0, while K1 and Ks are constants
independent of t, UY (), and U ().
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Proof. The existence and uniqueness of these generalized solutions follow from Theorem 2. Put
AV (z,t) = Vi(x,t) — Va(x,t). By (20) and (21), we obtain

Au(z,t) = Aul( /AFl x—(t—7)/a,T)dr (39)

Av(z,t) = Avt(z,t) + ll) /AFg(az + (t —7)/b,7)dT, (40)

where
AF(z,t) = q(Av(x,t) — Au(z,t)) — a(l + f(c1))Au(z,t) + aAfi(x,t),
AFy(z,t) = q(Au(z,t) — Av(z,t)) — b(1 + f(c1))Av(t, z) + DA fa(z, 1),
Afi(z,t) = (f(er1) = fle2)) (T —u2),  Afa(z,t) = (f(e1) = fle2))(1 — va).
Using (39), find an expression for the difference Au(z,t + 0) — Au(x,t) fort > 0 and t < < ah

similar to (30). Multiply the resulting equality by Au(z,t) = (Au(z,t 4+ §) + Au(z,t))/2 and integrate
it over z from O to h. Then, using

t+4
Au(z,t) = Au(0,t — ax) + ! / AF (x — (t —7)/a,7)dr, x < d/a,
a

Au(z,t) = Au(h,t — ax) — /Ale— (t—7)/a,T)dT x>h-—4d/a,

where AFy(z,t) = (AFy(z,t + 6) + AFy(z,t))/2, upon changing the variable and switching the order
of integration in the double integrals, we arrive at

(/Au act+5dac—/Au (x,t)d ) /Au0t+7' u(0,t — 0 + 7)dr
h

§
/Auht+TAuht+TdT+// a(x,t + 7)AF (z,t + 7)dzdr + O(6?),
0

where Au? = (Au)? and Av? = (Av)2. Dividing both sides by § and passing to the limit as § — 0, by
the well-known theorems (see [7, pp. 224—225]), we deduce that

h h
; (/Auz(x,t)da:)t = Au?(0,t) — Au?(h,t) + / AuAF(z,t)dx (41)
0 0

for almost all ¢ > 0.
Similarly using (40), we find that

h h
b ( 2 ) 2 2
Av(z,t)dr | = Av*(h,t) — Av*(0,t) + | AvAFs(x,t)dz (42)

for almost all ¢t > 0. For ¢y > 0 and U(z,t) > 0, the solution to (19) satisfies

e(@yt)> coexp(—pF'z) > coexp(—pF'h) > 0.
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Using (41) and (42) with
Au?(0,t) = Av*(0,8),  AvP(h,t) = Au*(h,t),  fle(z, b)) > p >0,
we arrive at
Zy(t) < =2(1 + p)Z(t) + 29(1) (43)
for almost all ¢ > 0, where
h h
2(t) = /(aAu2 FbA)dr,  gt) = / 1F(cr) — F(e2)| (alAul + bl Av])da.
0 0
By (26),
Ac(z, 1)] < pF / (alAulE, 1) + bl Av(E, D)), (44)
0

Consequently,
h x h 2
o) <pPF" | <w<x,t> / w@,t)d&) dr = pFF! ( / w<x,t>dx) ,
0 0 0
where (x,t) = a|Au(z,t)| + b|Av(z,t)|. Applying the Cauchy—Bunyakovskii inequality to the last
estimate while considering that
(a|Au| + b|Av])? < (a* + ab)Au? + (b* + ab) Av? = aAu® + bAvV?

fora>0,b>0, and a+b=1, we find that 2¢(¢t) < phFF*Z(t). By (43) and the assumption that
hpFF! < 2, this yields Z;(t) < —2uZ(t) for almost all t > 0.

Verify that, for all ¢ > 0, the absolutely continuous function Y (¢) = Z(0) exp(—2ut) — Z(t) is
nonnegative. Assume to the contrary that Y (') < 0 at some ¢! > 0. Since Y(0) =0 and Y(¢) is
continuous, there exists t° € [0,¢!) such that Y/(t°) = 0 and Y'(¢) < 0 for ¢ € (¢°,¢']. However, then
Y, (t) > —2uY (t) > 0 for almost all ¢ € [t°,¢!], which contradicts the assumption Y (¢}) < 0. Conse-
quently, Y'(¢) > 0 and, for all t > 0, we have

IAT (2, )72,y = Z(8) < AU (@)[ 720 y exp(—2p). (45)
Applying to (44 ) for z = h successively the Cauchy—Bunyakovskii inequality, the inequality
(alAu| + b|Av|)? < aAu? + bAV?,
and (45), we obtain
1Ac(z, D)oo < pEVINZ(t) < pFVRIAU® ()] 2 (0 1) exp(—pat). (46)
In order to estimate ||AU (z,t)|| ar(0,n), consider
y(z,t) = K exp(—put) + Au(x,t), z(x,t) = K exp(—put) + Av(zx,t),

where K = K1 ||AU®(x)| ppo,5) and K1 = 14+ pFF'h. Using (39) and (40), we find for y(z, t) and z(x, t)
the equations

v t) =nla )+, [ Gilyal(e - (t=)/a )i (47)
z(z,t) = z1(x,t) + ll) /G2 [y, z](x + (t — 7)/b, T)dT, (48)

to
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where
e S OIS b K i
Gily, 2|(x,t) = q(z(x,t) — y(z,t)) —a(l + f(c1(z,1)))y(z,t) + agi(x,t),
Galy, 2)(x,t) = q(y(z,t) — 2(x,t)) — b(1 + f(ci(x,t)))2(t, ) + bga(x,t),
gi(z,t) = (14 f(c1) — p) K exp(—ut) £ Afi(x,t), i=1,2.
By (46),
[Ac(z,t)l|con < PFRIAU® ()| 00,5 exp(—put). (49)

Consequently,
|Afi(x,t)] < pFFR| AU (@) || aro py exp(—pt),  gi(z,t) > 0.

Since y(x,0) > 0 and z(z,0) > 0; therefore, by Corollary 1, the solutions to (47) and (48) satisfy
y(z,t) > 0 and z(x,t) > 0 which implies

IAU (2, ) || a1, < K1 IAU® ()| as10,0) €xp(—put). (50)
By (19),
+6

|Ac(z + d,t) — Ac(x,t)] < p / (FYAc(E, )] + FlalAu(€, t)| + blAv(E, t)]))dE.

xT

Hence, (45), (46), (49), and (50) yield
|Ac(z +6,t) — Ac(z, t)| < K162 AU (@)l 1 (0,) exp(—pit),
|Ac(z +0,t) — Ac(, t)| < 28| AU ()| arjo,n) exp(—pt).

Together with (45), (46), (49), and (50), the last estimates imply (37) and (38) for ¢y > 0.

Suppose that ¢g = 0. Then ¢;(z,t) = co(z,t) =0 and Ac(z,t) =0. In this case, Au(x,t) and
Awv(z,t) satisfy (39) and (40) for

AF) = q(Av — Au) — aAu, AF; = q(Au — Av) — bAw,

while, for almost all t > 0, Z(t) satisfies (43) with 4 = 0 and g(t) = 0. Arguing as in deriving (45) and
(50), we obtain (37) and (38) with v = 1 for U(xz, t), and consequently for V(z,t). Therefore, the proof
of Theorem 4 is complete.

Corollary 2. Under the hypotheses of Theorem 4, we have:

(a) the generalized solution V (x,t) € MY(II) to problem (1)—(3) with initial data U°(z) € S°
is asymptotically stable in H[0, h] and Hé/2(0, h) provided that the perturbed initial data
belongs to SY;

(b) as t — oo, all solutions exponentially converge in the norms of these spaces to a unique
stationary solution.

The existence and uniqueness of a stationary solution to (1)—(3) are proved in [3, 6], and the
remaining claimsof Corollary2foliow directly from Theorems 2 and 4.
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